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Abstract 
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Introduction 



A Lie algebroid may be thought of as a generalisation of the tangent bundle of a manifold. More 
formally, it is a vector bundle A — > M whose module of sections is equipped with a Lie bracket 
preserved by a certain vector bundle morphism q : A — > TM (anchor). Its global counterpart is a 
Lie groupoid, which, roughly speaking, is a small category such that every arrow is invertible, with 
a suitable smooth structure. Both notions play an important role in a number of different areas of 
geometry: In differential geometry the notions of connection and holonomy are naturally formulated 
in terms of (transitive) algebroids and groupoids; in Poisson geometry, there is a loose duality between 
Lie algebroids and Poisson manifolds; in noncommutative geometry, groupoids provide certain C*- 
algebras which substitute the often pathological leaf space of a foliation. 

Any Lie algebroid over a point is a Lie algebra and every Lie groupoid whose space of units is a point 
is a Lie group. Groupoids and algebroids therefore generalise the classical Lie groups-Lie algebras 
apparatus. We cannot, however, generalise to the "-oids" context Lie's Third Theorem, namely 
not every Lie algebroid integrates to a Lie groupoid. Explicit obstructions were given by Crainic 
and Fernandes in f9j. The integrability problem comes up quite often, in problems arising in both 
mathematics and physics. For instance, if a Lie algebroid A integrates to a Lie groupoid G then the 
commutators of C*(G) approximate asymptotically the natural Poisson bracket on the functions on 
A* . This is a deformation quantization of this bracket. In another direction the fiberwise additive 
groupoid structure of A may be compined with G to the tangent groupoid A x {0} U G x E* over 
M X M to give rise to the analytic index map along the leaves of the foliation defined by the image of 
the anchor map (see ^.). 

This paper is concerned with the integrability problem of the class of transitive Lie algebroids, namely 
the ones whose anchor map is surjective, therefore the foliation they induce on M has only one leaf. 
Many important Lie algebroids are transitive, such as the one associated naturally with a symplectic 
manifold and the Atiyah sequence of a principal bundle. Also, the restriction of any algebroid A — > M 
on a leaf of the associated foliation is transitive. In the recent preprint m| L.-C. Li showed that 
Hamiltonian systems may be realised as certain coboundary dynamical Poisson groupoids which are 
transitive. 

We would like to draw special attention to the integrability problem for the algebroid Aui of a sym- 
plectic manifold (M, uj) . This problem is equivalent to the integrality problem for uj (see |15l II§8.1]). 
Conceptually, uj is integral iff it can be realised as the curvature of a connection on a principal bundle 
P(M, G) . If such data exists then the transitive groupoid -^^^ =^ M corresponding to P{M, G) in- 
tegrates the Lie algebroid A^i From this point of view geometric prequantization becomes an instance 
in the integrability of transitive Lie algebroids. But geometric prequantization is a two-step process, 
namely one needs to 

(i) . Examine whether the symplectic form uj is integral. 

(ii) . If so, classify all principal bundles P{M, G) with connection whose curvature is uj. 

Transitive Lie groupoids and Lie algebroids were studied thoroughly by Mackenzie in the 1980's, with 
his work culminating to I, II]. The material there is influenced by the following observation: In 
the transitive case, since the anchor map is surjective the bundle L = kerq is a Lie algebra bundle . 
Therefore any transitive Lie algebroid is in fact an extension 

L > ^> A — » TM (1) 

When M is simply connected, the integrability obstruction is a certain element of H'^{M,G), where 
G is the connected and simply connected Lie group integrating the fiber of L. On the global level. 
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every transitive Lie groupoid fl M can be written as an extension 

F > ^> n — > M X M (2) 

of the pair groupoid M x M =^ AI by the Lie group bundle F — > M of isotropies. In terms of 
prequantization, the integrabihty obstruction amounts to (i) above. The analogous classification of 
(ii) for transitive Lie groupoids was given in ^21 using the notion of a crossed module. 

Crossed modules of Lie groups were introduced by Whitehead [22 in the context of homotopy theory. 
They were used later in the classification of extensions of Lie groups to overcome the problem that 
the group of inner automorphisms of a Lie group may not be closed in the full automorphism group. 
Namely, consider an extension of groups 

N >-^> H — > G. 

If N is abelian, the map p : G Aut{N) defined by p{g) = Ih \n , where h is any element of H 
such that -kQi) = g, is a well defined representation. Now if N is non-abehan, the automorphism p is 
no longer well defined. The usual way around this problem is to consider the map p : G ^ Out{N) = 
/rm(jv) ' given by g i~> {Ih \n) , where ■K{h) — g. Here Inn{N) is the group of inner automorphisms 
of N . This is a well defined morphism, called the abstract kernel of the original extension, and there 
is a standard classification of such extensions with a prescribed abstract kernel. When one is deahng 
with Lie groups though, the previous approach is problematic, because Inn{N) need not be closed 
in Aut{N) , and the smoothness of the representation p : G ^ Out[N) has no longer a meaning. 
An alternative approach, circumventing this problem, was given by Mackenzie in using crossed 
modules of Lie groups. The link of crossed modules with cohomology can be traced back to 
Crossed modules of Lie groupoids were considered by Brown and Spencer [6^, Brown and Higgins 0j, 
and by Mackenzie in [l^ to classify principal bundles with prescribed gauge group bundle. In another 
direction, crossed modules are arise in string theory. 

Here we introduce the notion of a crossed module of Lie algebroids and discuss its relevance with the 
integrabihty of transitive Lie algebroids. The main results of this paper are: 

• For any transitive Lie algebroid the integrabihty obstruction coincides with the lifting obstruction 
of a certain crossed module of groupoids naturally associated with the given Lie algebroid. 

• For extensions of integrable transitive Lie algebroids by Lie algebra bundles, the integrabil- 
ity obstruction coincides with the lifting obstruction of a natural crossed module of groupoids 
naturally associated with the given extension. 

• In both cases we classify cohomologically the possible lifts in case the obstruction vanishes. 

This way we get a unified approach to the integrabihty problem. Namely by reformulating it to a 
lifting problem in the language of crossed modules we deal with both the integrabihty obstruction and 
the classification of the integrating groupoids. This is made clearer when one considers the second 
result above which concerns extensions of the form 

L — y A — > An (3) 

The integrabihty obstruction of extensions ^ was studied by Mackenzie in ^M,- The problem was 
reduced to the case of extensions of the form Q plus the action of a Lie group. It was shown that 
such extensions over M are equivalent to Lie algebroids A' — > P, where P is the total space of 
a principal bundle P{M,G) (the one corresponding to the groupoid fl), together with an action of 
the group G by automorphisms. Such structures were called PBG-algebroids. Here we adopt this 
equivalence. The integrabihty obstruction of extensions was given in but not the classification 
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of the possible integrating groupoids. The problem with generalising the approach of ^21 is that 
PBG-groupoids involve a group action, not however recorded by the usual Cech cohomology used in 
[Tt] . This difficulty was overcome by the introduction of isometahlic cohomology in and 0. In 
this paper we reformulate isometabHc cohomology to a form that classifies extensions (rather than 
principal bundles with an extra group action) in order to classify appropriately the lifts of crossed 
modules of PBG-groupoids. The use of crossed modules forces one to think of such lifts as extensions. 
Namely we prove that: 

• Extensions of transitive Lie groupoids F > ^> — Vl' are classified by suitably equivariant 

pairs (x, 3) where 5^ : Py — > Aut H is the cocycle classifying to F and Xij ■ Pij ^ Pij — ^ H 
is a morphism of Lie groupoids, such that 

(i) . Xik{u,v) = Xij{u,v) ■ a^j{u){xjk{u,v)) 

(ii) . 5jj(u) = 

Such a classification settles yet another matter. In transitive Lie algebroids were viewed as 
extensions (QJ and classified by pairs (x,q;), where : Uij — > Aut(0) is the cocycle corresponding 
to the Lie algebra bundle L and Xij ■ TUij x TUij — > Uij x g are Maurer-Cartan 2-forms satisfying 

(i) - Xtk = Xij +a»i(Xjfe) 

(ii) . A(ay) = adoxij 

(here A stands for the Darboux derivative). On the other hand, a transitive Lie groupoid fl =^ M 
was classified by the Cech cocycle {sij} which classifies its corresponding principal bundle. It is not 
clear how the cocycle {sij} differentiates to the data {x,C()- 

The paper is structured as follows: Section 1 is a short overview of crossed modules of Lie groupoids. 
In section 2 we introduce crossed modules of Lie algebroids and show that they generalise the notion of 
coupling discussed in ^1]. We also discuss the lifting problem. Section 3 gives our method to recover 
the integrability obstruction using crossed modules. In section 4 we give the equivariant version of 
crossed modules, on the algebroid and the groupoid level, and discuss the integration/differentiation 
process. We also show that it suffices to consider only the simplest case of such crossed modules. 
Section 5 gives the classification of PBG-groupoids we discussed above. Sections 6 and 7 give the 
lifting obstruction and classify the lifts in case the obstruction vanishes. 

As far as the non-transitive case is concerned, a classification of extensions of Lie groupoids which 
induce a regular foliation on the base manifold was given by Moerdijk [21. Our method to produce a 
crossed module of Lie groupoids from a given transitive Lie algebroid may easily be generalised in the 
non-transitive but regular case. In section 3 we discuss this and some implications in quantization. It 
would be very interesting to investigate whether a crossed modules approach can be appHed to more 
general regular extensions. 
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1 Crossed modules of Lie groupoids 



This section and the next intend to set up the notion of crossed module for Lie groupoids and for Lie 
algebroids. We start here at the groupoid level, briefly recalling and clarifying material from [Tz] , 

Definition 1.1 Let fl be a Lie groupoid on a base manifold M and let {F,t:,M) be a Lie group 
bundle on M . A representation of Vl on F is a smooth map p : fl * F ^ F , where fl * F is the 
pullback manifold {(^, /) e f2 x F : a{^) = 7r(/)}, such that 

(i). ^(p(C,/))=/3(0 /or (e,/)e^*F; 
(ii). piv,piCJ))=pivtf) forall f,rj,^ such that {^J)en*F and (77, C) G * ; 

(iii) . = / for all feF; 

(iv) . p(^) : Fa(^) -P/3(C)i / /) O' Lie group isomorphism for all ^ G fi. 

Representations of groupoids on fibered manifolds were introduced by Ehresmann. One can also think 
of a groupoid representation as a Lie groupoid morphism fl ^{F) , where ^{F) is Lie groupoid of 
isomorphisms between the fibers of the Lie group bundle F , otherwise known as the frame groupoid 
of F. 

Definition 1.2 ^4 crossed module of Lie groupoids is a quadruple xm — {F,t,VI, p) , where Q. =^ M 
is a Lie groupoid over M, F is a Lie group bundle on the same base, t : F ^ fl is a morphism of 
Lie groupoids over M , and where p is a representation of fl on F , all such that 

(i) . T(p(f,/))=er(/)r' for all {^,f)e^*F; 

(ii) . p(r(/),/') = fff-^ for all fJ'eF with n{f) - 7r(/'); 

(iii) . Im{T) is a closed embedded submanifold of Vl. 

The conditions of this definition show that im r lies entirely in IVL and is normal in Q, . The normalcy 
of imr then ensures that it is a Lie group bundle. The quotient O/imr therefore exists and is a Lie 
groupoid over M . This is called the cokernel of the crossed module and we usually denote it by ft. 
On the other hand, condition (ii) ensures that kerr lies in ZF . All this is described in figure 1. 



ker T 

p:n*F > F 

F 

T 

im{T) * > n ^ n/im{T) = n 



Figure 1: 



5 



Notice that p here also induces a representation of O on ker r , denoted by p^^^ , by 

This is well defined because if we consider ^, 77 £ f2 such that =rj then there is a /' G such that 
r; = e-r(/'). So 

Piv, /) = Pit Pirif), /)) == Pit /'/(/')"') = Pit /) 

since kerr C ZF . 

Two crossed modules (F.T.fl.p) and {F\t' , p') are equivalent if there is a morphism of Lie 
groupoids 9 : fl — > fl' such that 0or = T, tlo0 = l|' and p' o0 = p. In the following the term crossed 
module will mean the relevant equivalence class and be denoted by {F, r, O, p) . We regard a crossed 
module of Lie groupoids as a structure on the cokernel; if coker(T) = f2 we say that {F, r, SI, p) is a 

crossed module of Q. with F . 

There are three special types of crossed modules worth noting on the groupoid level. First, crossed 

T 

modules of Lie groupoids with trivial kernel. These are merely extensions of Lie groupoids F > > 

li 

O >l> f2/F where F C 70 is a normal subbundle of IQ, and the representation /> of O to F is the 

restriction of the inner representation of f2 on 70. namely, t(/9(^, /)) = 7j(/) for all (^, /) € fi*7^. 
The other two types are: 

Definition 1.3 A crossed module of Lie groupoids {F,T,Q,p) over the manifold M is called 

(i) . a couphng crossed module if ker t = ZK ; 

(ii) . a pair crossed module if coker t = M x M . 

If both kerr = ZK and coker r = M x M , then {F,T,fl,p) is called a coupling pair crossed module. 

Any extension of Lie groupoids F > ^> O O give rise to crossed modules of Lie groupoids. 

Namely the choice of a normal subbundle N of F which lies entirely in ZF induces the crossed 
module (F, T, fl/N, p) (of Vl with F), where r is the projection F — > F/N and p : Q/N * F — > F is 
the representation defined by 

p((0,/) = ^^(/)•^^ 

The question whether every crossed module of Lie groupoids arises in this manner from an extension 
leads to the notion of an operator extension. 

Definition 1.4 An operator extension of the crossed module of Lie groupoids (F, r, r2,p) over the 
manifold M with cokernel Q. is a pair (fi, p) where f2 =^ M is a Lie groupoid extension of fl by F 
and /i : f2 — > O is a morphism of Lie groupoids over M such that: 

(i). The following diagram commutes: 




imr 



(ii). iipimj)) = ^-iif)-t' for all ilf)en*F. 
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Definition 1.5 Let {F,T,il,p) be a pair crossed module of Lie groupoids over the manifold M . Two 
operator extensions (Jl,fJ.) and (fl' , fi') are caZZerf equivalent if there is an isomorphism of Lie groupoids 
K : n D,' such that /i' o k = /i . 

The obstruction associated with a pair crossed module of Lie groupoids was given by Mackenzie in 
[Tt] . We will show in Section 4 that in order to understand the obstruction associated with a general 
crossed module of Lie groupoids it suffices to understand the obstruction in the particular case of pair 
crossed modules. Let us recall in brief the construction of the obstruction from [TT] . 

A pair crossed module of Lie groupoids (F, t, fi, p) is, as we discussed earher, a crossed module of 
AI X AI with F . This means that the gauge group bundle of the Lie groupoid is the image of r . 
The groupoid can therefore be written as an extension of groupoids in the form 

im T > ^> n » AI X M. 

Fix an element xq G AI and denote the Lie group F^g by H . Choose an open simple cover {Ui}i^i 
of M . We write Utj for the intersection of two open sets Ui and Uj , also Uijk for the intersection 
of three open sets, etc. Let {sij : Uij T{H)}i,j,^j be a cocycle of transition functions for the Lie 
groupoid fl =^ AI and [sij : Uij II}i_j^i be smooth lifts of the transition functions to H , such 
that Now consider the failure of these lifts to form a cocycle 

It follows from the fact that the Sij 's form a cocycle that this function takes values in ZH . Therefore 
it defines a class [e] S (M, ZH) . This class depends neither on the choice of cocycle for Q. nor from 
the choice of lifts for this cocycle. Of course it is zero if and only if the lifts 'Sij form a cocycle and 
in this case they define a Lie groupoid VI =i M . It is proven in ^3 that VI is an operator extension 
for the crossed module. This element is called the obstruction of the crossed module and we denote it 
by Obs(i^, T, n, p) . In ^21 it was also shown that if Obs(i^, t, fi, p) = then the equivalence classes 
of operator extensions of the crossed module {F, r, Vl, p) are classified by II^{AI, ZH) . 

2 Crossed modules of Lie algebroids 

Let us discuss the differentiation of a crossed module as above. Given a crossed module of Lie 
groupoids {F, r, fl, p) over M it is well known that the Lie group bundle F differentiates to a Lie 
algebra bundle over M , the Lie groupoid to a Lie algebroid AO. over M and the morphism r 
to a morphism of Lie algebra bundles r, : — > LVt C AVI . The part that needs some attention is the 
differentiation of the representation p. For every ^ S 1^ the map p(^) : Fq,(^) — > ^p{0 is a Lie group 
isomorphism. The Lie functor then shows that it differentiates to an isomorphism of Lie algebras 
• (^q(C))* ~^ (-^/3(C))*- Denoting ^'(F*) =^ AI the Lie groupoid of isomorphisms between the 
fibers of the Lie algebra bundle F* (otherwise known as the frame groupoid of F* ) , we get a well 
defined morphism of Lie groupoids 

p:f}^$(F,),e^(p(e)), 

Now apply the Lie functor to p to get the morphism of Lie algebroids p* ; AVl CDOfF*] . This is 
the representation p differentiates to. 

Lemma 2.1 (i). p*(r*(T^)) = ady for all V ^ F^ and 
(ii). T, o p^{X) ~ adx or* for all X G AO. . 
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Proof. Using the definitions of and we have: 

P,{t,{V)) - P.{T,^t{V)) = [T^Jo T,^t){V) = T,Spo t){V) 
for any V G {F^)^ and a; G M. On the other hand, for all / £ F we have 

(por)(/) = r,„^,,(p(r(/))) = T,^,,,(//) = Adf 

So, 

For (ii) we know that r o p(^) — o t for all C € . Therefore, 

By differentiating the last equality and using the fact that T^^t is linear, therefore it is its own 
derivative, we get r o p, (X) = adx ot* • ■ 

This naturally leads to the following definition. 

Definition 2.2 A crossed module of Lie algebroids over the manifold M is a quadruple {K,t, A, p) 
where K — > M is a Lie algebra bundle, A — > M is a transitive Lie algebroid, t: K — > A is a 
morphism of Lie algebroids and p: A — > CD0[i4r] is a representation of A in K such that: 

(i) . p{T(y))(W) = [V,W] for all V,W £TK and 

(ii) . T{p{X){V)) = [X,t{V)] for all X eVA, V eTK. 

Since r is a morphism of Lie algebroids, we have a o t — 0, where a is the anchor of ^. So ini(T) 
hes entirely in the adjoint bundle L of A. Regarding r temporarily as a morphism of Lie algebra 
bundles, condition (ii) is equivariance with respect to p and the adjoint action of A on L. It is 
therefore of locally constant rank (see jH], discussion after I, 3.3.13 and 6.5.11), and so has a kernel 
Lie algebra bundle which we denote kerr. Condition (i) now ensures that kerr lies in ZK . Likewise, 
the quotient Lie algebroid ^/ im(T) exists and is a Lie algebroid over M (see |151 I§4.4]). This is 
called the cokernel of the crossed module, and we usually denote it A. All this is described in figure 
2: 

kerr 

p : A > CDO[K] 

K 

T 

h 

im(r) ► > A » A/ im(T) = 'A 

Figure 2: 

Notice that p induces a representation of A on the vector bundle ker r , denoted p^" , by 

p^'^^^{X){V)^p{X){V). 
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This is well defined because if we consider X,Y € TA sucfi that X = Y G A, then there is a. W G TK 
such that X = Y + t{W) . So 



since ker r C ZK . 

Throughout the rest of the paper we will be working with crossed modules with fixed cokernel, as 
well as fixed K and kerr. Two such crossed modules {K,T,A,p) and {K,t' , A' , p') are equivalent if 
there is a morphism of Lie algebroids 9 : A — > A' such that 9ot = t , \\o9 = [\' and p' o9 = p. The 
3-lemma then shows that every such morphism is an isomorphism of Lie algebroids. From now on, 
every time we mention a crossed module of Lie algebroids we will refer to its equivalence class and 
denote it by (if, r. A, p) . 

Again, there are three special types of Lie algebroid crossed modules worth noting. The ones with 

with trivial kernel are merely extensions of Lie algebroids K > > A ^ A/K where K C L is an 

ideal of A, and the representation p of A in K is the restriction to K of the adjoint representation 
of A on L. Namely, t{p{X){V)) = adx(r(F)) for all X eVA undV gTK. We will also need the 
following ones: 

Definition 2.3 A crossed module of Lie algebroids {K,T,A,p) over the manifold M is called 

(i) . a couphng crossed module if kcr t — ZK ; 

(ii) . a pair crossed module if coker r = TM . 

If both kerr = ZK and coker r = TM , then {K,T,A,p) is called a coupling pair crossed module. 

We usually regard a coupling crossed module as a structure on the cokernel; if coker(T) = A we say 
that {K,T,A,p) is a coupling crossed module of A with K. 

Some examples 

Let us discuss some examples of Lie algeberoid crossed modules, 
(i) . Take any principal bundle P{M, G, tt) and consider its Atiyah sequence 



(the action of G on g is the adjoint). This is naturally a Lie algebroid. Recall the identification 
= induced by the map j : P x g — > TP, {u,X) i-^ r(„_i)m(0„, Xi) , where 

m : P X G — > P is {u, g) ^ ug . 



p{X){V) = p{Y){V) + p{t{W)){V) == p{Y){V) + [W, V] = p{Y){V) 




Now quotient the Lie algebroid ^ by the center of the Lie algebra bundle . This quotient 
may be identified with the Lie subalgebroid ad(^) of CDO[^^^], namely the image of the 
representation ad : ^ — > CDO[^^^^] given by 
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(ii) . Let (M, w) be a symplectic manifold. Then the vector bundle A = TAI © (M x R) becomes a 

Lie algebroid with bracket 

[X®V,Y®W]^ [X, Y] e {X{W) - Y{V) - Y)} 

and anchor the first projection. This algebroid naturally induces the crossed module {M x 
R, T, A, p) where t : M x M — > A is the natural inclusion V ^ Q^V anA p : A — > CDO[Af x M] 
is the representation p{X V){W) = 00 X{W) 

(iii) . A non-abelian generalisation of a symplectic form was given on |15[ 8.3.9], where the classical 

Weil lemma was extended. Namely, let L be a Lie algebra bundle over M together with a 
connection V such that V x[V, W] = [V xV, W] + [V, V xW] . Then any L -valued 2-form R on 
M such that i?v = ad oi? (where i?v stands for the curvature of V) and V(i?) = endows 
the sections of the vector bundle A = TM © L with the Lie bracket 

[X ®V,Y ®W] = [X, Y] © {VxW - Vy + [V, W] - R{X, Y)} 

which makes A a Lie algebroid. Now consider the quotient bundle A/ZL . This may be identified 
with the Lie subalgebroid ad(^) of CDO[L] , namely the image of the representation ad : A — > 
CDO[L] defined by adxev 0®W = [X®V, 0(SW] . The identification is {X®V)+ZL ^ adx®v - 
It is straightforward that the induced crossed module is (Lad ad(A), ad) . 

Notice that the algebroid a,d{A) is integrable as a Lie subalgebroid of CDO[L] . 



Equivalence with couplings 

The notion of coupHng crossed module is equivalent to the concept of coupling of Lie algebroids, 
introduced in JSI I, §7.2] as the Lie algebroid form of the notion of "abstract kernel" in the sense of 
MacLane jJO]. Let us discuss how this equivalence is established. 

Consider a Lie algebra bundle K over the manifold M . The adjoint bundle of CDO[A'] is Der{K), 
the derivations of K , and ad{K) = im(ad: K — > Der{K)) is a Lie subalgebra bundle of Der(_ftr), 
and an ideal of CDO[K] . We denote the quotient Lie algebroid CDO[K]/ a.d{K) by OutDO[i4:] , and 
call elements of rOutDO[iir] outer covariant differential operators on K . 

Definition 2.4 A coupling of the Lie algebroid A with the Lie algebra bundle K (both over the same 
manifold M ) is a morphism of Lie algebroids S: A — > OutDO[if] . 

Fix a coupling 5 of the Lie algebroid A with the Lie algebra bundle K . Since the map \\: CDO [K] — > 
OutDO[i4r] is a surjective submersion as a map of vector bundles over M , there is a vector bundle 
morphism V: A — > CDO [if], X i-^ Vx , such that t] o V = S. We call V a Lie derivation law 
covering S. 

Let V be any such Lie derivation law. Then for X £ TA the operator Vx ■ — > TK restricts to 
rZK — > TZK, for if Z e TZK and V £TK then 

[V,Vx{Z)]^Vxmz])-[Vx{V),Z]^Vx{0)^Q^O, 

since Z is central. Further, the restriction is independent of the choice of V; write for the 
restriction of Vx to TZK — > TZK . Then p" defines a vector bundle map A — > CDO{ZK) which 
is easily seen to be a Lie algebroid morphism; that is, p" is a representation of A on ZK , called the 
central representation of S . 

Now we can proceed to prove the equivalence of couplings in the sense of 12.41 with coupling crossed 
modules of Lie algebroids. 
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Consider first a coupling crossed module (if, r, A, p) of the Lie algebroid A with the Lie algebra 
bundle K. Condition (i) of 12.21 shows that p sends im(r) to a.d{K) C CDO[ii'] and p therefore 
descends to a morphism S'': A — > OutDO[iir] as in the diagram 

A ^ CT)0[K] 



A ^ OutDO[X] 

where the two vertical maps are the natural projections. This S'' is the coupling corresponding to 
{K, T, A, p) . Note that equivalent coupling crossed modules induce the same coupling. It is also easy 
to see that the representation of A on ZK induced by S'' is equal to the representation induced 
directly from p as in the passage following l2.2l 

For the construction of the coupling crossed module corresponding to a coupling we use the construc- 
tion principle of |15l II 7.3.7]. Take a coupling S: A — > OutDO[ii'] of the Lie algebroid A with 
the Lie algebra bundle K . Choose a Lie derivation law V: A — > CDO[if] covering S. This is an 
anchor-preserving vector bundle morphism, and so its curvature is a well defined map 

i?v: A® A — >CV)0[KI X ®Y ^ ^[x.y] - [Vx, Vy]. 

Since \\oV — S is a morphism of Lie algebroids, it follows that t] o i?v = and so i?v takes values 
in aA{K) C T)eT{K) . 

Define a map V: A — > CDO[ad(if)] by 

Vjf (adv) advx(y) 

for all X e TA and V G TK . This is also an anchor preserving morphism, so its curvature is a well 
defined map R^: A® A — > CDO[ad(-ftr)] . It is easily verified that = ad oi?v and V(i?v) = 0. 
Moreover, the map t] o V: A — > OutDO[ad(if)] has zero curvature. 

Now [m II 7.3.7] shows that the formula 

defines a Lie bracket on T(A © ad(_ftr)) which makes A ffi a.d{K) a Lie algebroid over M . Denote 
l^&d^K) by A. Define t: K — > A and p: A — > CT)0[K] by 

t{V) = ® &<:\v , p(X®a.dv)^Vx{W) + [V,W] 

for all X e TA and V,W £ TK . These are both morphisms of Lie algebroids and the remaining steps 
in the following proof are straightforward. 

Proposition 2.5 The Lie algebroid A just defined, together with t and p, constitute a coupling 
crossed module for A. which induces the given S. 

Lifting crossed modules of Lie algebroids 

A transitive Lie algebroid A over M is in fact an extension of the tangent bundle TM by its adjoint 
bundle L . From this point of view, an arbitrary exptension of Lie algebroids K > ^> A ^ A 
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I 



I 



>A ^—^A 



TT' 



im(r^) — ^ A/i{I) — » A 

Figure 3: 



over a manifold M gives rise to a crossed module of Lie algebroids once we choose an ideal / of ZK , 
the center of the Lie algebra bundle K . The construction is described in figure 3: 

Here is the quotient map K A/l{I) and the other maps are l\t^{V)) = {l{V)) for all V & K 

h 

and Tr'^{{X)) = Tr{X) for all X & A. These maps are well defined because the sequence K > > 

A A is exact. Now the representation p : A/l{I) CDO[K] defined by 

c{p\{X)){V)) = [X,oiV)] 

is well defined because we assumed / to be an ideal of ZK and it makes the quadruple (K, , A/l{I), p) 
a crossed module of Lie algebroids. The question whether every crossed module arises from an exten- 
sion of Lie algebroids gives rise to the notion of an operator extension. 

Definition 2.6 Let xm = {K,T,A,p) he a crossed module of Lie algebroids of A with K . yln operator 

/ 

L -^ TT _ 

extension of xm is a pair {K > ■> A ^ ^, A**) of an extension of Lie algebroids together with a 

morphism of Lie algebroids n : A ^ A which is a surjective submersion such that: 

(i). The following diagram commutes: 




(ii). For all X € TA, V G TK we have: 

i{p{f,4X)){V)) = [X,i{V)] 



Definition 2.7 The operator extensions {K > ^> Ai » A, fil) and {K > ^> A2 ^ ^>m2) 

of the crossed module of Lie algebroids xm = {K, r, A, p) are equivalent if there is a Lie algebroid 
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morphism k^, : Ai ^ A2 such that o ip — fJ-l and the following diagram commutes: 




We denote Opext(xm) the set of equivalence classes of operator extensions of the crossed module xm. 

Remark 2.8 (The lifting obstruction) The obstruction to the existence of an operator extension 
for a crossed module of Lie algebroids is the same as the one given in ^15, II§7.3] for couplings. This 
obstruction is a certain class in J{'^{TM, , ZK) (Lie algebroid cohomology) . When it vanishes the 
equivalence classes of operator extensions (lifts) are classified by ^^(TM, p'^ , ZK) . 



3 The integrability of transitive Lie algebroids via crossed mod- 
ules 

This section provides an alternative way to obtain the integrabihty obstruction of a transitive Lie 
algebroid A — > M . We prove that the integrability obstruction given by Mackenzie in coincides 
with the lifting obstruction of a certain crossed module of Lie groupoids naturally associated with A . 
Let us begin with the following result which clarifies the nature of the lifting obstruction. It actually 
motivates our approach, since it shows that the lifting obstruction is a cohomology class of the same 
type as the integrability obstruction given by Mackenzie. 

Proposition 3.1 If a pair crossed module of Lie groupoids differentiates to a coupling crossed module 
of Lie algebroids for which the obstruction class vanishes, then the obstruction class for the crossed 
module of Lie groupoids takes values in Cech cohomology with coefficients in constant functions. 

Proof. Consider a pair crossed module of Lie groupoids (F, t, 51, p) . If the obstruction class of the 
coupling (i^*, T*, Afi, p*) vanishes then it has an operator extension, i.e. there exists a (transitive) Lie 
algebroid A over M and a morphism of Lie algebroids p^. : A ^ AO. which is a surjective submersion 
such that the diagram in figure 4 commutes: 



A 



-» TM 



An 



TM. 



Figure 4: 



Let H denote the fiber of the Lie group bundle F M and t) its Lie algebra. Then the vertex 
groups of the Lie groupoid fl =^ M are isomorphic to t{H) . Take a simple open cover {Ui}i£i of 
M . Choose a section atlas {sij : Uij — > T{H)}ij^i for the Lie groupoid fl M over this cover. 
Consider the family of Maurer-Cartan forms Xij '■ FUij — > Uij x t, (()) defined as Xij = ^i^ij) cind the 
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cocycle — Ads-^ with values in Aut(iJ) . Here A denotes the Darboux derivative, otherwise known 
as the right-derivative of functions with values in a Lie group. These define a system of transition 
data (x, a) in the sense of II 8.2.5]. This means that this pair is compatible in the sense 

A{aij) = adoxij (4) 

and it satisfies the cocycle condition 

Xik ^ Xij + aijixjk) (5) 

for all i,j,kGl. In fact, it is proven in J3 II 8.2.5] that systems of transition data classify transitive 
Lie algebroids. This and the commutativity of the diagram in figureQlshow that there exists a system 
of transition data (x, S) with values in [} for the Lie algebroid A such that o Xij = Xij ^-nd 
r* o ctij = Uij . The Xij 's are Maurer-Cartan forms, so they integrate uniquely to smooth functions 
Sij : Uij H such that Xij = A(sij). Following the same steps as in |15l II §8.3] it is proven that 
the compatibility condition 31 for the system of transition data (x, a) gives 

= Adj,^. . 

The system (XjS) satisfies the cocycle condition This gives 

A(sifc) = A(%) + Adj,^. (A(sjfe)) ^ A(sife) = A(sy • s,fc). 

A uniqueness argument now shows that there is a constant Ciju G H such that e^-fc = Sjfc ■ • Sij = 
Ciju . In fact, Cijk lies in the center of the Lie group H because e^fe takes values exactly there. So, 
the obstruction class of the pair crossed module of Lie groupoids {F,T,il,p) takes values in Cech 
cohomology with constant coefficients. , 

Remark 3.2 A crossed module of Lie algebroids {K,T,A,p) integrates to a crossed module of Lie 
groupoids if the Lie algebroid A is integrable. A proof of this is given in Section 4- E^ven when a 
crossed module integrates though, it does not follow that its operator extensions (if there are any) also 
integrate. Examples of such a situation are the non-integrable transitive Lie algebroids. Every such 

algebroid A over a manifold M is a Lie algebroid extension L > > A ^ TAI . The crossed 

module induced by the choice of an ideal I C ZL may be integrable, but the crossed module of Lie 
groupoids it would integrate to can not have an operator extension. If an operator extension on the 

groupoid level existed, then it would have to differentiate to L > > A — ^ TM and in this case the 

Lie algebroid A would be integrable, which is a contradiction. More particularly, one may consider 
the example of the Lie algebroid associated to a symplectic manifold (M, to) where the 2-form to is 
not integral. 

We may now continue with the reformulation of Mackenzie's integrability obstruction. Consider a 

1. OA 

transitive Lie algebroid L > ^> A ^ TM . The ideal ZL induces the coupling crossed module 

{L, \\,A/ZL,pt) , where A/ZL is a Lie algebroid over M with Lie bracket 

[X + ZL,Y + ZLU/zL - [X, Y]a + ZL 

for all AT, y e TA. Its anchor map is <;a/zl(A + ZL) = qA{X) , therefore it can be written as an 
extension of Lie algebroids in the form 

L/ZL > ^> A/ZL — > TM. 

The map t] : i — > A/ZL is of course the quotient projection and its image is the adjoint hund\eL/ZL. 
Notice that the Lie algebroid A/ZL can be identified canonically with the Lie subalgebroid ad(^) 
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: ad(A) ^ CDO[L] 



ad(L) ^ — > ad(A) — — » TM 



Figure 5: 



of CDO[L]. This is the image of the adjoint representation ad : A ^ CDO[L\. Namely, every 
X + ZL€ TA/ZL defines the operator ad^ -.TL^TL by adx{V) = [X, i{y)]A for every V (^TL. 
This element is well defined because if y G TA is another representative of the class X + ZL then 
there exists an element W G TZL such that Y = X + i(W^) . Then 

since W G TZL . On the other hand, every element adx £ ad(A) can be canonically identified with 
X + G A/ZL. A similar argument shows that L/ZL can be identified canonically with ad(L) , 
the bundle of inner automorphisms of the fibers of L . 

Now that we have established this identification, it is easier to regard the representation : A/ZL 

CDO[L] as the natural inclusion of algebroids ad(^) > > CDO[L] and the quotient map t] as 

ad : L ^ ad(L) . All this is described in figure 5: 

The coupHng induced by A can now be written as (L, ad, ad(A), p*) . The Lie algebroid CDO[i] 
integrates to the frame groupoid $[L] =^ M (see I 3.6.6]). Therefore, a,d{A) also integrates as a 
Lie subalgebroid of CDO[L] . The Lie groupoid it integrates to is denoted by Int(v4) =^ M . It is a Lie 
subgroupoid of the frame groupoid $(L) and it is called the groupoid of inner automorphisms of L. 
Let F ^ M be the Lie group bundle L integrates to. Then the Lie algebroid coupling crossed module 
(L, ad, ad(A), p^,) integrates to a coupHng crossed module of Lie groupoids, namely {F, I ,lnt{A), p) . 
Here I : F ^ Int(A) maps an element / which belongs to the fiber F^ to the inner automorphism 
// of the fiber F^ . The image of this map is the Lie group bundle Inn(i^) of inner automorphisms 
of the fibers of F and it is immediate that it differentiates to ad(L) . Finally, the representation 
p : Int(^) * F ^ F is p((^, /) = ip{f) for all [ip, f) G Int(A) *F. 

Remark 3.3 // a Lie algebroid A over M integrates to a Lie groupoid G then we may quantize the 
natural Poisson structure of A* . An account of this is given in /i^ III, 3.11]. Very roughly, one 
considers the tangent groupoid Gt ~ A x {0} U G x M* over M x M (where A is considered to be 
a Lie groupoid with the fiberwise additive structure). This induces a natural short exact sequence of 
G* -algebras — >C°°{A*) — > G*{Ct) — > C*(G)®Co(M) — > 0. It turns out that the commutators 
of G*{G) approximate asymptotically the Poisson bracket of G°°{A*). 

Notice that the above method reduces the possibly non-integrable Lie algebroid A to the integrable 
ad(yl) . Therefore the Poisson structure of a.d{A)* is always quantizable with the previous method, 
although the Poisson structure of A* may not be. Moreover, by dualising ad we get an injection 
ad* : a,d{A)* — > A* which is a Poisson map. This can easily be extended to any regular Lie algebroid. 

Proposition 3.4 The obstruction to the integrability of the Lie algebroid A is Obs(F, /, Int(A), p) . 
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Proof. If Obs(F, /,Int(yl),p} = 0, then the couphng crossed module of Lie groupoids has operator 
extensions which differentiate to operator extensions of the couphng crossed module of Lie algebroids 
(L, ad, ad{A), p,) . Therefore there exists a Lie groupoid which integrates the Lie algebroid A. , 

The following result is an immediate consequence of the previous proposition and 13.11 

Corollary 3.5 The integrability obstruction of a transitive Lie algebroid takes values in Cech coho- 
mology with constant coefficients. 



4 Crossed modules with PBG structures 



The rest of this paper intends to generalise the crossed module approach described above to general 
extensions of integrable transitive Lie algebroids by Lie algebra bundles. To this end, we start by 
recaUing briefly the reformulation of such extensions given in JSI, El ^ §2-5, §4.5]. 



Definition 4.1 Let P{M,G) be a principal bundle. A transitive Lie algebroid A over P is called a 
PBG-algebroid if the Lie group G acts on the manifold A so that for every g GG, the diagram 




is an automorphism of Lie algebroids. 



A PBG-algebroid A over the principal bundle P{M, G) is denoted by A ^ P(M, G) . li A and A' 
are PBG-algebroids over the same principal bundle P{M, G) , a morphism of PBG-algebroids is a 
morphism of Lie algebroids ip : A^ A' satisfying 'ilj(Xg) = ilj{X)g for all X G A and g G G. A Lie 
algebra bundle K — > P{M, G) is a PBG-Lie algebra bundle if, as a totally intransitive Lie algebroid, 
it is a PBG-algebroid. Given a PBG-Lie algebra bundle K P{M, G) , it is straightforward that 
CDO[iir] is itself a PBG-algebroid. A representation of PBG-algebroids is a morphism of PBG- 
algebroids p:A^ CiyO[K] . 

In it is shown that PBG-algebroids correspond to extensions of integrable Lie algebroids by 
Lie algebra bundles. To give an outHne of this correspondence, let us start by considering a PBG- 
algebroid A over the principal bundle P{M, G) . This can be written as an extension of Lie algebroids 

as K > ^> A — » TP, where if is a PBG-Lie algebra bundle over P(M, G) . It is shown in that 

the quotient space ^ is always a manifold, therefore the above extension gives rise to an extension of 
Lie algebroids > ^> ^ — » ^ over M . 

On the other hand, consider a transitive Lie groupoid fl =^ M , a Lie algebra bundle K over M , 

and an extension of Lie algebroids K > > A — 2> . Choose a basepoint in M and let P{M, G) 

denote the principal bundle corresponding to the groupoid Then the pull-back of A over the 
bundle projection P ^ M is a PBG-algebroid over P{M, G) . 

Note that the right-splittings of the extension K > > A — ^ Afl correspond to those splittings of 

the pullback PBG-algebroid which are equivariant with respect to the group action. 

Definition 4.2 Let A ^ P{M, G) be a PBG-algebroid. An isometablic connection of A is a vector 
bundle morphism 7 : TP A such that 
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(i) . 907 = idrp , where q is the anchor of A; 

(ii) . 7(^5) = 7(^)5 for all X eTP and g e G . 



The respective notion for PBG-Lie algebra bundles is the following: 

Definition 4.3 Let K P{M, G) be a PBG-Lie algebra bundle. An isometablic Koszul connection 
of K is a vector bundle morphism V : TP CDO{K) such that 

^Xg{Vg) = [^x{V)]g 

for all X e TP, V eK and g e G . 

It is natural to postulate a notion of crossed module which is compatible with the PBG structure. 

Definition 4.4 A crossed module of PBG-algebroids over the principal bundle P{M,G) is a crossed 
module of Lie algebroids {K,T,A,p), where K P{M,G) is a PBG-Lie algebra bundle, A => 
P{M,G) is a PBG-algebroid, t : K A is a morphism of PBG-algebroids and p : A ^ GDO[K] is 
a representation of PBG-algebroids. 



Let us now give a brief outHne of the correspondence of pair crossed modules of PBG-algebroids 
with general crossed modules of integrable Lie algebroids. To start with this, consider a pair crossed 
module of PBG-algebroids {K,T,A,p) over the principal bundle P{M,G,p) . Let L P(M,G,p) 
be the kernel of the anchor of A, itself a PBG-Lie algebra bundle. It was shown in [2| that, because 
both K , L and A are PBG as Lie algebroids, the quotient manifolds , ^ and ^ exist. Also, since 
the map t : K ^ L is equi variant, it quotients to a morphism of vector bundles r/'^ '■ % ^ h ■ This 
is a surjective morphism of Lie algebra bundles because r itself is surjective morphism of Lie algebra 
bundles. The representation p : A ^ CD0[7^] induces a representation p/^ 

by 

for all X d A and p K . The fact that t^'^ and p^^ satisfy the properties of definition 12.21 
follows from the fact that r and p satisfy the respective properties for a pair crossed module of 
PBG-algebroids. Therefore we get the following crossed module of Lie algebroids: 



A 
G 



CDO[f ], defined 



ker T^^ 



K 
G 

r/G 



JG . 



A 
G 



CDO 



A 
G 



TP 
~G 



Conversely, suppose =^ M is a transitive Lie groupoid and {K, r, A, p) is a crossed module of 
AO,. Choose a basepoint in M and denote P{M,G,p) the principal bundle corresponding to il. We 
will show that this crossed module induces a pair crossed module of PBG-algebroids over P{M, G) . 

First, take the extension of Lie algebroids Im{T) > > A ^ AH,. It was proven in that this 

extension induces a PBG-algebroid A < p ^ P{M, G) , where ^4 < p is the pullback vector bundle 
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of A over p : P ^ M . That is A < p = {{u,X) e P x A : X e ^p(u)}- This Lie algebroid can be 
reahsed as an extension in the following way: 

{Im{T)) < p > ^> A < p » TP. 

Recall that T{A < p) = C°°{P) ® TA, where / ® X corresponds to f ■ {X o p) . The PBG-algebroid 
structure can be given both immediately and on the module of sections. Thus the anchor is q'{u, X) = 
TRu{'K o X) and on the sections, (?'(/ ® X)^ — f{u) ■ ri?„(7r(Xp(„))) . The Lie bracket is 

[f®X,h®Y]^{f-h)® [X,Y] + if ■ 7rCx)ih)) ®Y-{h- 7r(r)(/)) X, 

where 7r(X)^ = TRu{'k{X)i^^^^^) is the right-invariant vector field on P corresponding to 7r(X) G 
VA^. We denote the action of G on A < p by i?^ for every g G G. This is defined as B}g{u,X) = 
{u ■ g, X) or, on the sections by R'gif X) — {f o Rg-i) X . 

The PBG-Lie algebra bundle if < p is the pullback vector bundle of K over p : P ^ M . Namely, 
K < p ~ {(u, V) e P X K : V & Kp(u)} ■ Again, from the standard result for vector bundles we have 
r{K <p)^ C°°{P) 8)c-(A/) rif where f ®V corresponds to / • (V op). 

The PBG-Lie algebra bundle structure oi K < p can also be given both immediately and on the 
sections. To show that if < p is indeed a Lie algebra bundle, we have the following theorem: 

Theorem 4.5 Suppose K ^ M is a vector bundle with a Lie bracket [,y^ : M ^ Alt^[K;K) , P a 
manifold and p : P ^ K a smooth map. Also, suppose : TM CDO[K] is a connection of K 
such that 

If [^^^P — > Alt^{K < p, K < p) is the Lie bracket on K < p defined as 

[{u,V),{u,W)^- ^{u, [l^,W^]^„)), 

then the map V:TP^ CDO[K < p] defined by Vv(u,F) = V^p(^) (F)) is a connection in 
K < p and it satisfies 

Vyiliu, V), {u, W)]-) = [Vy{u, V), (u, W)]' + [{u, V), Vyiu, W)]- 

Proof. It suffices to prove that V' satisfies the last equality. This follows immediately from the 
respective equality for V''^ . ^ 

Remark. The connection V' of the previous theorem on the section-level is given by the formula: 

Vy(/ ® ^) = / ® ^TpiY)(V) + Tp(Y){f) ® V. 

On the level of sections, the expression for the Lie bracket of if < p defined above is given by 
[f ®V,h(E>W'^- = f ■h®[V,W]. 

We now give an isometablic version of |151 II 6.4.5]. It gives a criterion for the existence of a PBG-Lie 
algebra bundle structure on a vector bundle. 

Theorem 4.6 Let K be a vector bundle over P{M, G) on which G acts by isomorphisms and [ , ] 
a section of the vector bundle Alt^{K: K) . Then the following three conditions are equivalent: 

(i). The fibers of K are pairwise isomorphic as Lie algebras. 
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(ii) . K admits an isometablic connection V such that 

Vx [V, W] = [Vx {V),W] + [V, VxiW)] 
for all X e TTP and V,W eTK. 

(iii) . K is a PBG-Lie algebra bundle. 

Corollary 4.7 If K M is a Lie algebra bundle and P{M,G,p) a principal bundle then K < p is 
a PBG-Lie algebra bundle. 

Proof. Define the action of G on if < p to be B'g{u,V) — {u- g,V). On the section-level, it will 
be R'gif '^y'V) = {f o Rg-i) (8) V . We showed in l4.6l tha,t a vector bundle is a PBG-Lie algebra bundle 
if and only if it has an isometablic Lie connection. If K ^ M has a Lie connection then the 
connection V' constructed in the previous theorem is also a Lie connection. It is moreover isometablic 
because: 



The next step is to define the morphism of PBG-algebroids t' : K < p ^ A < p. This is defined 
by t'{u,V) — {u,t{V)), or, on the section-level by t'(/ ^ V) — f ® t{V). It is a straightforward 
calculation to show that it is a morphism of PBG-algebroids. 

Finally we need to define a representation p' : A < p ^ CDO[K < p] and show that it satisfies the 
properties of definition 4.1.1. This is defined as X){u, V) = {u, p{X){V)) , or, on the section- level 
as 

p {f ® X){h ^V) = {f-h)CS> p{XKV) + (/ • TTCx){h)) ® V. 

Again, the proof that r' and p' satisfy the necessary properties which make {K < p,t' , A < p, p') a 
pair crossed module of PBG-algebroids is a straightforward calculation. These considerations can be 
formulated to the following result: 

Theorem 4.8 Pair crossed modules of PBG-algebroids are equivalent to crossed modules of integrable 
Lie algebroids. 

Therefore, it suffices to work with pair crossed modules of PBG-algebroids. As far as their operator 
extensions are concerned, these are pairs {A, p) where A P{M, G) is a PBG-algebroid and /i is a 
morphism of PBG-algebroids. 

Remark 4.9 Following the same process as the one described in ^15, II§7.3], and working with 
isometablic connections instead, the obstruction to the existence of an operator extensions is an ele- 
ment of G -equivariant Lie algebroid cohomology and if it vanishes the operator extensions are 
classified by . 

Crossed modules of PBG-groupoids 

Every extension K > ^> A — 3> AVl of transitive Lie algebroids over M (where A^ integrates to 

the Lie groupoid Q. =^ M) gives rise to a Lie algebroid crossed module of Afl, and in the previous 
section we showed that such crossed modules correspond to pair crossed modules of PBG-algebroids. 
Therefore, bearing in mind the ideas explained in section 3, the obstruction to the integrability of a 
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general extension K > > A — 3> AO. must coincide with the obstruction associated with a certain 

crossed module on the groupoid level, which involves a PBG structure as well. 

In this section we give the definition of this particular crossed module and its operator extensions, 
and show that such crossed modules correspond to pair crossed modules of PBG-algebroids via the 
processes of differentiation and integration. Let us start with a brief account on the prerequisites of 
PBG structures on the groupoid level. 

Definition 4.10 A PBG-groupoid is a Lie groupoid T =^ P whose base is the total space of a 
principal bundle P{M, G) together with a right action of G on the manifold T such that for all 
(■f , 7?) G T X T such that = trj and g ^ G we have: 

(i) . t{i-g)=t{i)-g and s{i-g) = s{0-g 

(ii) . lu g = lu ■ g 

(iv). {(■g)-'=r'-g 

The properties of a PBG-groupoid imply that the right translation on T is a Lie groupoid automor- 
phism over the right translation of the principal bundle. A morphism (p of Lie groupoids between two 
PBG-groupoids T and T' over the same principal bundle is called a morphism of PBG-groupoids 
if it preserves the group actions. Namely, \{ Lp o Rg — R'^ o ip for all <? G G. In the same fashion, 
a PBG-Lie group bundle (PBG-LGB) is a Lie group bundle F over the total space P of a princi- 
pal bundle P{M, G) such that the group G acts on F by Lie group bundle automorphisms. We 
denote a PBG-LGB by F ^ P{M, G) . It is easy to see that the gauge group bundle /T of a PBG- 
groupoid T =^ P{M, G) is a PBG-LGB. It is straightforward that PBG-groupoids differentiate to 
PBG-algebroids. 

The class of transitive PBG-groupoids is of interest here, and that is because these groupoids are equiv- 
alent to extensions of transitive Lie groupoids. Namely, given a transitive PBG-groupoid T =^ P{M, G) , 

its corresponding extension IT > > T ^ P x P can be quotiened by G (see |T^) to give rise 

to the extension of transitive Lie groupoids over M . 

IT T P X P 



On the other hand, given an extension of transitive Lie groupoids F > > fl — ^ $ over M , choose 

a basepoint and consider the corresponding extension of principal bundles N > ^> Q{M, H) 3> 

P{M, G) . This gives rise to the principal bundle Q{P, N) , and in turn this forms the Lie groupoid 
Y = =^ P . Now the Lie group G acts on T by 

{q2,qi)g = {q2h,qih), 

where h is any element of H which projects to g . A detailed account of these constructions can be 
found in ^HI; as well as the proof that they are mutually inverse. 

Definition 4.11 A crossed module of PBG-groupoids is a quadruple {F,T,rt,p), where 
n =^ P{M, G) is a PBG-groupoid, n : F ^ P{M, G) is a PBG-Lie group bundle, t : F ^ fl 
is a morphism of PBG-groupoids over P{M,G) and p is a representation of fl on F , all such that 

(i) . Pi^g-. fg) = f)g for all {^J)en*F and g^G; 

(ii) . t(p(^,/)) =^r(/)r' for all {^J)en*F; 
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(iii) . p(r(/), /') = fff-^ for all fJ'eF with ir[f) - ^(/'); 

(iv) . Im{T) is a closed embedded submanifold of fl. 



In the same fashion, Im{T) is a PBG-Lie group bundle which hes entirely in Ifl and is normal in 
Q , and the cokernel ^^"^^^ is a PBG-groupoid over P{M, G) . If the cokernel of a crossed module 
of PBG-groupoids is the pair groupoid P x P , then the crossed module is called pair. If, moreover, 
ker T — ZF , then it is called a coupling. In the remaining of this paper we will be concerned only 
with pair crossed modules of PBG-groupoids. 

Definition 4.12 An operator extension of a pair crossed module of PBG-groupoids {F,T,ri,p) over 
the principal bundle P(M, G) is a pair (<&, /i) such that ^ is a PBG-groupoid over P{AI,G), /i : 
$ ^ is a morphism of PBG-groupoids, and the pair is an operator extension in the sense of \1.4\ 

D ifFerent iat ion 

Now consider a pair crossed module of PBG-groupoids pxm = {F,T,rt,p) over the principal bundle 
P(M, G) . From definition 14. Ill we then have: 

(i) . piCg, fg) = Pit 1)9 for all {tf)^n*F and 5 e G; 

(ii) . T(p(e, /)) = ^ t(/) • for all [i, f)en*F; 

(iii) . p(r(/),/') = fff-^ for all fJ'eF with ^(/) - ^(/'). 

In order to differentiate pxm to a pair crossed module of PBG-algebroids, consider the PBG-Lie 
algebra bundle F^ P{M, G) , the PBG-algebroid An ^ P{M, G) and the morphism of PBG-Lie 
algebra bundles t^, : F^, ^ Lil . 

First of all we construct a representation : Afl GZ30[F*] which preserves the G— actions. Since 
p is an equivariant representation we have that p(^) : fQ(^) -P/3(5) is a Lie group isomorphism for all 
G such that for every g G G the isomorphism p{£,g) : Fa{^g) ~^ ^/3(Cg) is equal to p{^)g. Applying 
the Lie functor we have that {p{£,g))* = {p{£,))*g for all g £ G . Thus, we get a well defined morphism 
of PBG-groupoids 

p:n^u[F,], 

Denote : Aft —+ GDO[F,] the morphism of PBG-algebroids p differentiates to. This is the 
representation we are looking for. It is straightforward to show that and t, satisfy the properties 
of lemma 12. II fsame proof), thus making (F*, t,, ^fi, p*) a pair crossed module of PBG-algebroids. 

(/3,«) 

Next, suppose that pxm has an operator extension [F > > $ ^ P x P, p) . That is to say that 

/Li : i> — > is a morphism of PBG-groupoids such that the diagram 

P, ^ ^^^<PxP 

T 

m ' > n » p X p 
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commutes and (t o p o fi){Lu) — I^^ o l for all w S It is immediate that the diagram 



A<^> 



TP 



An 



TP 



commutes, and, in the same fashion as with T^,{p^{X){V)) = [X,T-^,{V)], one can prove that 

{i,op,of,.,){X')iV)^[X',i{V)] 

for all X' e and V e F^ . 



Integration 

Suppose given a pair crossed module of PBG-algebroids pxm^, = {K,t^,, A, p^,) over the principal 
bundle P{M,G). The general theory ([H], induces that the PBG-Lie algebra bundle K 

P{M, G) integrates to a PBG-Lie group bundle F — >• P{M, G) with connected and simply connected 
fibers. This section proves that if the PBG-algebroid A integrates to a PBG-groupoid =^ P{M, G) 
which is a -connected and a -simply connected, then the pair crossed module pxm^ integrates to a 
pair crossed module of PBG-groupoids pxm = (F, t, fi, p) over the principal bundle P(M, G) . 

Since the PBG-Lie algebra bundle F P{M, G) has connected and simply connected fibers, 
shows that r* : ^ LVl integrates uniquely to a morphism of PBG-groupoids t : F ^ Ifl which 
is onto. Thus, all we need to show in order to prove the integrability of pxm^, is that p* integrates 
uniquely to an equivariant representation p : — > n(F) such that: 

(i) . p(r(/)) for all / £ F and 

(ii) . (r o p)(0 o r for alU e 17. 



Let us start with the integration of a representation of PBG-algebroids. Consider a PBG-groupoid 

P{M,G) which is a— connected and a— simply connected, a PBG-Lie group bundle F 
P{M,G) with simply connected fibers and an equivariant representation p* : AV, — > CDO[F^,] of the 
PBG-algebroid Afl on the PBG-Lie algebra bundle F* . Since fl is supposed to be a— connected 
and a— simply connected, shows that this integrates uniquely to a morphism of PBG-groupoids 
p : O ^ n(F*) such that p^ = p* . For every ^ G fl we then have an isomorphism of Lie algebras 

m ■■ iF*)c.io ^ iF*)m- 

Moreover, for all g G G and ^ G f2 we have p(^g) = p(05 because p, is equivariant. Therefore, from 
the general Lie theory for every ^ £ there is a Lie group isomorphism p(^) : Fc(^) ^l^ii) such 
that = 7>{0 ■ So we get a map p : fl ^ n(F) sich that p{S,g) = pi09 for all g G G. 



Proposition 4.13 The map p is — differentiable. 

Proof. We work locally to prove this. Let {Pi}i^i be an open cover of P. Then fl^, = Pi x T{H)Pi 
and n(F)p. = Pi x Aut{H) x Pi , where H is the fiber type of F. Then p over Pi is the map 

p(u, T{h),v) = (li, e{u) o f[T{h)) o e{v)-\v) 
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where 6 : Pi —> Aut{H) is a map (not C°° ) and f : H ^ Aut{H) is a Lie group morphism. Also, 
n(F*)p. = Pi X Aut{\)) X Pi anf p over Pj becomes 

'p{u,h,v) = {u,6{u) o /(/i) o0v~"^,t;) 

where : Pi ^ Aut{[}) is a C°° — map and f : H ^ Aut{\)) is a Lie group morphism. We know 
that {p{u,h,v))^: = 'p{u,h,v), therefore the map Pi x H x Pi AutCt)) defined by {u,h,v) t— > 
{e{u))^ o (/(/i)), o (eiv))-'^ is smooth. It follows that the map P, x H x P, ^ Aut{H) defined by 
(u, h, v) ^ 9{u) o f[h) o 6{v)~'^ is smooth. That is because of a more general result which says that a 
Hnear first order system of equations, whose right-hand sides depend smoothly on auxiliary parameters, 
has solutions which depend smoothly on these parameters, providing that the initial conditions vary 
smoothly. Therefore, p is smooth. , 

Proposition 4.14 The map p is a morphism of Lie groupoids. 

Proof. All we need to prove is = p{r]) o p(^) for all (r/,^) e f2 * f^. To this end, take 77,^ e Q 

such that a{^) = u, =v = a{ri) and P{ri) = w. Now consider the Lie group automorphism 

We will show that = idp^ ■ Indeed, if Cw is the identity element in Fu, we have: 
Te„F,^ = TMvO ° (P(0)-' ° iPiv))-') = 

= TeAPivO) o [TeApm-' ° [TeApmr' = 

= pmoimr'oipiri)r'^^d^Ku. 

Since F has connected and simply connected fibers we get fn^ = idp^ , thus p is indeed a morphism 
of Lie groupoids. ^ 

Now we can proceed to the integration of the pair crossed module. We need to prove that p and 
satisfy the identities mentioned in the beginning. To this end, we need to establish the PBG-Lie 
group bundle morphisms / and Ad and the PBG-Lie algebra bundle morphism ad. 

Consider the PBG-Lie group bundle F P{M, G) with fiber type H and let {ipi: PiXH ^ Fp,}i^i 
be a section atlas of it. It is easily verified that the Lie group bundle Aut{F) P{M, G) is a PBG-Lie 
group bundle and the family of maps {V-/*"* : Pi X Aut(H) Aut{F)p^},(.i defined by 

^t'^'iu, ^ e Aut{H)) = 0^0 '4,-1 

is a section atlas for this bundle. 

Proposition 4.15 The map I : F ^ Aut{F) defined by If{f') = ff'f^^ for all f,f'eF such that 
^(/) = ""(/O 0' PBG-Lie group bundle morphism. Locally it is of the form P : Fp^ —>■ {Aut{F))p^ 
where 

P{u,h) = {u,I^) 

for all {u, h) & Pi X H = Fp. . Here is the inner automorphism of H . 
Proof. Immediate. - 
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Next we consider the PBG-Lie group bundle Aut{F^,) — > P{M, G) . The section atlas of this bundle 

is {(V-^"^"*)* : X AutH)) Aut{F,)p^},^i defined by 

for all i e /, u e and (p G Aut{H) . 

Proposition 4.16 The map Ad : F Aut{F^,) defined by Adf ~ T^^If for all / G F„, u e P is a 
PBG-Lie group bundle morphism. Locally it is of the form Ad^ : Fp. Aut{F^,)p. where 

Ad\u,h) = iu,Ad^) 
for all {u, h) ^ Pi X H ^ Fp. . Here Ad^ is the adjoint representation on H . 
Proof. Immediate g 

The representation Ad differentiates to the PBG-Lie algebra bundle morphism ad : F^ ^ Der[F^) 
defined by 

adv{W) = [V,W] = (Te^Ad{V)){W) 

for all V,W £ u e P. 

Now we can proceed to the proof of the first identity. For all G P* we have /5*(t*(F))(W^) = 

[y, W] , or (por)* — Ad^ . Since F has connected and simply connected fibers we have 'p{T{f)) — Adf 
for all / e F. Therefore, 

p O T = /. 

For the second identity, take an X G TA^ . Then X induces a vector field X e which is defined 

as X^ — Ti^(^ji?^(X^(^)) for all ^ e fi. This is an a— vertical {X^ £ T^na(^-)) and right-invariant 
(XoR^ — TR^oX) vector field on fl . Let (p : (— e, e) x Uq ^ Vq be the fiow of X , where Uq, Vq C ft. 
Then, it is immediate that every ipt -.Uo ^ Vq has the properties a o ipt = a and ipt o ^ ° ft 
for all ^ e 17 and t G (-e, e) . 

Denote U = /3(Uo) and V = /3(Vo) and let ^ : (-e,e) x II V be the map ipt{u) = Piftiv)) for 
all rj G Uq . This is well defined because if we consider an 77' g Uq then there is a ^ G Uq such that 
rj' — rj ■ Consequently, 

Finally, for all t £ (— e,e) we have aoipt, — a, 13° ft — '>Pt°P and ipti^v) — ¥'t(0 'V- Therefore I 
1.4.12] shows that ipt is the restriction to Uq of a unique local left-translation io-t : , where 

<Jt{u)^MO-r' 

for all ^ G ICg . We define the exponential map Exp : (— e, e) x TAfl by 

ExptX — at- 

Now take an X e TAQ. and & V £ TP, . From the properties of the exponential, for all u £ P we 
have: 

n(p(X)(K)) = ~j^MpiExptX{u))iVu)) |o= 

= -iiropiftm*[m-\Vu)] lo 
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and 



adx{T^{Vu)) = -^Ad(^Exptx{u))i'r*iVu)) |o= 

= -~-^iI<Tt{u))*i'r*{Vu)) |o= -^Uvt(4)c-i)*('r*(K,)) |o= 

= -^(V(?))*[(V^°^)*(K)] lo. 

Consider the curves (5„,7„ : (— e,e) F^, defined by 
and 

(5„(t) = (/^,(e))4(VioT).(K)]. 

Obviously, 7„(0) = 5„(0) = t,(K). Since r*(p(X)(T/)) = [X,t*(V^)] we have 

Lemma 4.17 There is a S < e such that ^lu{i) \to— ^^u[i) \ta for all |to| < 

Proof. For all t G (-e, e) we have: 

7„(t) - (r o p{nt^u>)+uM)))*[m-\Vu)\ = (r o p(^t-t„(0))*[p(0"'(K)]. 
Therefore, 

And of course, the same is true for 5u ■ Define 7«(t) = 7,j(t — to) and 5.a{t) — 5u{t — ^o) • Then, 



^7nW |o= lo= ■•• = ^'^«(*) 1*0 



So, for all \t\ < S < e we have (r o p(ExptX))^, = {lExptx o t)* and since fl is a— connected and 
Q— simply connected we finally get 

T O p{ExptX) = lExptX O T 

for all 1^1 < 5 . Hence the desired equality. Combining this result with Proposition 4.4 of we get 
the following result. 

Theorem 4.18 Suppose given a PBG-Lie group bundle F and a PBG-groupoid fi, both over the 
same principal bundle P{M,G). Then any pair crossed module of PBG-algebroids {F^,t^, Afl, p^) 
integrates to a pair crossed module of PBG-groupoids {F, r, il, p) . 
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5 Classification of PBG-groupoids 



In order to characterize cohomologically the obstruction associated with a pair crossed module of 
PBG-groupoids, it is necessary to classify such groupoids. The classification given in [j2| will be used 
in Section 7, for the enumeration of operator extensions when the lifting obstruction vanishes. As 
we discussed in the introduction, in this section we give a different cohomological classification of 
PBG-groupoids, which is consistent with the classification of transitive Lie algebroids given in [Tfil 
II§8.2]. 

Let fl =^ PiM, G) be a PBG-groupoid and {Pi = UiX G}ig/ an atlas of its base principal bundle. It 
was shown in [2j that for every i € I there exists a fiat isometablic connection 7^ : TPi — > Afl p. . More 
than that, it was shown that as a morphism of PBG-algebroids, every 7^ integrates to a morphism of 
PBG-groupoids di : Pi x Pi ~* fl^, . Now fix a uq G -P and denote H — r2J^° . For every i Q I choose 
a Ui G Pi and an arrow G fl^'^ . Now define the maps 

ai : Pi iluo, <Ji{u) = Oi{u,u.i) ■ ^i. 

These are sections of fl and they respect the G-action in the following sense: 

ai{ug) = [(T,(u)g] • (C^ff) ' Mui9)- 

These sections give rise to a family of representations {(fi : G Aut{H)}i^j of G on , namely 

'Pii.9){h) = cr,(M,5)"^ • {^ig) ■ (hg) ■ ■ (J^{u,g). 

It was shown in (2] that these representations are local expressions of the automorphism action of G 
on the Lie group bundle Ifl . 

If we begin with a different local family {-fi}i£i of fiat isometabHc connections, there exist 1-forms 
i* : TPi ^ Pi X f)i such that 7- = ji + i* . Here [}i is the Lie algebra of the Lie group il'^i . Therefore 
the £* s integrate to maps £i : Pi x Pi ^ f2"* such that 9'^ = 0i + ii . Define 

n : Pi ^ H, ri{u) = • e^{u, Ui) ■ d. 

Now the respective sections are related by cr^' = Oi-ri, and with respect to the G-action the r^s satisfy 

r^{ug) = ip,{g){n{u)) ■ r^{u^g). 

Last, the representations arising from cr^ and Ui are related by 

'Pi{9)W = n{uigy^ ■ ipt{g){h) ■ r,{u,g). 

Now, instead of classifying by the transition functions Sij : Pij H associated with the sections 
(7i , let us consider the following maps: 

Xij ■■ Pij X Pij H, Xij{u,v) = Sy(u) • Sji{v) 

and 

ctij : Pij Aut{H), aij{u){h) = Sij{u) ■ h ■ Sji{u). 

The aij s are the transition functions of the PBG-Lie group bundle ICl. Together with the Xij s they 
satisfy: 

(i) - Xtk{u,v) • (Xjfe ■ 

(ii) . For a choice of G Ptj , aij{u) = Ixij{u,Uij) ° • 
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(iii) . Xij{ug,vg) = Lp^{g){x^j{u,v)) . 

(iv) . a,jiug){(pj{g){h)) = ip,{g){a,j{u){h)) 



Definition 5.1 A pair {x,ce) satisfying (i)-(iv) is called a (y9-isometablic pair of transition data. 

The relation between two isometablic systems of transition data given in the following proposition 
was proven in (2]. 

Proposition 5.2 Two ip -isometablic and ip' -isometablic systems of transition data (XjCt) and (x',^') 
respectively are related by 

x'tjiu,v) = r^{uy^[x^Jiu,v) ■ a.,j{v){ri{u) - rjiv)"^)] ■ r^{v) (6) 

and 

a\j{u) = /r.(u)-i O tty (") O Irj(u) (7) 

It is straightforward that the relation between isometablic systems of transition data is an equivalence 
relation, therefore it is legitimate to give the following definition. 

Definition 5.3 Two isometablic systems of transition data which satisfy ^ and are called equiv- 
alent. 

Now we can proceed to show that isometablic systems of transition data classify PBG-groupoids. 

Proposition 5.4 Suppose P{M,G) be a principal bundle and {Ui}i^i is a simple open cover of M , 
whereas {Pi = Ui x Gjie/ is an atlas over this cover. Let ip = {(pi : G Aut{H)}i(zj be a family of 
representations of G on a Lie group H and (x,«) « family of (p -isometablic transition data. Then 
there exists a PBG-groupoid over P{M, G) and a local family of flat isometablic connections which 
give rise to this data. 

Proof. For each z G / , let T'- = PixH x Pi and on the disjoint sum of the T*s define an equivalence 
relation ~ by 

(i,u,h,v) ^ {j,u' ,h' ,v') 4^ u — u , v — v' , h' — Xji{u,v) ■ aji{v){h). 

Denote the quotient set by T and the equivalence classes by {i, {u, h, v)) . Define maps a, /? : T ^ P 
by {i, {u,h,v)) i— > v and {i,{u,h,v)) i-^ u respectively. The object inclusion map is 9 u i— > 
(i, (u, eH^ u)) . it is easy to see that the map 

'^r.P^■xHxP,^ {l3,a)-\Pi), {u,h,v) ^ {i,{u,h,v)) 

is a bijection. Give T the smooth structure induced from the manifolds Pi x H x Pi via '^i . 

Now we define a multipHcation in T . For ^, 77 G T such that a{S^ — (3{vi)) — u, choose a Pi containing 
u and write ^ = {i, {v, h, u)) , rj ~ {i, {u, h', w)) . Define 

£,-V= {i,{v,hh',w)). 

Finally, G acts on T by 

{i, {u, h, v))g = {i, (ug, ipi{g)(h), vg)). 



27 



It is left to the reader to verify that T is a well defined PBG-groupoid over P{M, G) . The PBG- 
algebroid it differentiates to is the one given in II§5.4], and the connections associated with the 
transition data we began with are the ones given there. g 

Remark. Note that for the previous construction the only property that we use is the cocycle condi- 
tion that iXiCt) satisfy, namely Xij{u,v) = Xikiu,v) • aik{v){xkj {u, v)) , and that is to show that the 
relation ~ is indeed an equivalence relation. On the other hand, the compatibility condition is not 
used here. 

The following proposition shows that the PBG-groupoid arising from isometablic transition data 
is well defined up to equivalence. Its proof is a straightforward calculation. 

Proposition 5.5 Let P{M,G) be a principal bundle, {Pi}i^i an open cover of P by principal bundle 
charts, H a Lie group and tp' ,ip be two families of representations of G on H by which are equivalent 
under a family of maps r — {ri : Pi ^ H}iei such that ri{ug) — ipi{g){ri{u)) ■ ri(uig) for all 
u ^ Pi,g ^ G and i £ I. Let (x'jCt') and (x^ct) be p' -isometablic and p -isometablic systems of 
transition data with values in H respectively which are equivalent under the family of maps r . Let fl' 
and fl be the associated PBG-groupoids respectively. Then the map E : il' ^ fl defined by 

(j, {u,h,v)) 1-^ {i, {u,ri{uy^ ■ h ■ rj{v),v)) 

is an isomorphism of PBG-groupoids over P{M, G) . 

6 The obstruction of a pair crossed module of PBG-groupoids 

In this section we give the cohomological obstruction to the existence of an operator extension for 
a pair crossed module of PBG-groupoids. Let us start with such a crossed module {F,T,Q,p) over 
the principal bundle P{M, G) . Then the PBG-groupoid Q =^ P{M, G) is the extension of PBG- 
groupoids 

im{T) > — ^> n — » p X p. 

Choose a simple open cover {f7i}ig/ of M and an atlas {Pi = UiX G}ig/ of the principal bundle, and 
consider a -isometablic system of transition data (x, a) • Note that in this context we denote H the 
fiber type of F, therefore every ipi is a representation of G on t{H) , namely ipi : G ^ Aut{T{H)) . 
Now the following proposition shows that there exist canonical lifts of the representations (fi . Its 
proof is a straightforward calculation. 

Proposition 6.1 For every i £ I the map (pi : G ^ Aut{H) defined by 

'?i{9){h) = p{(Jt{u,gy^ ■ {^,g), kg) 
for all g £ G and h £ H is a representation of G on H and t o (pi — ipi . 

The next two results show that there also exist canonical lifts of the transition functions aij of Im{T) , 
to transition functions of F . 

Proposition 6.2 Let {F,T,Q.,p) be a pair crossed module of PBG-groupoids. With the previous 
notation, the maps Tpi : Pi x H —> Fp. defined by ipi{u,h) — p{ai{u),h) are charts of the Lie group 
bundle F and they are isometablic in the sense 

■4^i{ug, (Pz{g^^){h)) = ip^iu, h) ■ g 

for all g £ G, w G Pi and h £ H . 



28 



Proof. First of all, to prove that the ipiS are well defined, we need to ensure that the restriction of 
p on * H takes values in 7r~-^(Pj). Indeed, if C £ ^^1, ^iid f <E H is such that 7r(/) = uq then 
= PiO ^ Pi- The ViS are injective because for all u,u' G Pi and f,f'&H we have: 

W, /) = p{(Ti{u'), /') ^ 7r(p(CTi(M), /)) = 7r(p(o-i(w'), /')) ^ 

=> /3(ai(u)) = /3(ai(u')) ^u = u'. 

Since p((Ti(u)) is an isomorphism on the fibers of we also have f = f ■ 

For the surjectivity of the tpiS, consider an / G F„ C Fj for some u e Pi. Then, because p(o-i(7r(/))) 
is an isomorphism H F^, there is an f G H such that / = p{o'i{n{f)), f) = i^i{T^{f), f) ■ Last, 
the following diagram commutes 

PiXN ^ 7r-i(Pi) 




because 7r{'ipi{u, f)) = TT{p{ai{u), f)) — I3(ai(u)) = u. For the isometablicity of the '^j's we have: 

il)i{ug,lfi{g~'^){h)) =^ p{(j^{ug),(p^{g^^){h)) = 

= p{(^i{ug),p{ai{uig)~'^ ■ {iig),hg)) = p{[(Ji{u)g\ ■ {S.i^g) ■ (T,{u,g) ■ (T,{u,gy^ ■ {£.ig),hg) = 

= p{ai{u)g, hg) = p{(7t{u), h) ■ g = ipi{u, h) ■ g. 



Now let us look at the transition functions of the Lie group bundle charts defined in the previous 
theorem. 

Proposition 6.3 The transition functions of the charts {ipijiei o^re lifts of the transition functions 
{Sjj}jj£/, form a Cech-l-cocycle and are isometablic with respect to the representations {^i}i£/ . 

Proof. For all u e Pij and h € H ,we have: 

i)ij{u){h) = V',>(V'j>(/i)) = V',>(p(o-j(w),/i)) = p{(Ti{u)-^ ■ (Tj{u),h) = p{sij{u),h). 

Therefore, T{yij{u){h)) = Is^.i^u){h) = aij{u){h), so the 'ipij's are lifts of the 's. They form a 
Cech-l-cocycle because: 

[tljjk{u)otjjik{u)~'^ otjjij{u)]{h) = p{sjk{u), p{sik{u)~'^ , p{sij{u),h))) = 

= p{sjk{u) ■ Sikiuy^ ■ Sij{u), h) = p{lu, h) = h 

Moreover, they are isometablic with respect to the lifts {^i}ie/ of the representations {ip}i}iei 
because: 

i}ii{ug){(pj{g~'^){h)) = p{sij{ug),p{aj{ujg)~^ ■ i^jg),hg)) = 

= p{ai{uig)-'^ ■ {^ig) ■ {sij{u)g) ■ {(.j'^g) ■ (Tj{ujg) ■ aj{ujg)-'^ ■ i^jg),hg) = 

= Vi{9~^){i^ijiu){h)). 
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Now let us show that there also exist canonical ^-isometablic lifts of the XyS. Consider the quotient 
maps x{j^ • "^'^ g*^'^ -^-^^ and t^'^ : ^ ^ r^^^ restriction of t^'^ to H — F„q is a a map 

'''^'^ Iff- § ^ where the action of G on t{H) implied is ipi, and the action of G on is ifi. 

This happens because the ipiS are local expressions of the G-action on Im{F) as was shown in [2j. 
Bearing in mind that Pij = Uij x G, the quotient '^^ is just Uij x Uij , therefore we have the 
following diagram: 

H 
G 

/G 



Uij X Uij 



/G G 



Note that ^(^^^^^,ker(T),T/'^) is a principal bundle in a trivial way. Since the UijS are simply 

connected, it follows from Jl] that there exists a differentiable map : Uij x Uij — > ^ such that 
the above diagram commutes. 

Denote jj : Pij x Pij Uij x Uij and 'i^ : H ^ ^ the natural projections. Since ft^ is a pullback 
over the projection t/'^ of the principal bundle ^ C'^q^ , ker(T), t^'^) , there is a unique map Xij '■ 



Pij X Pij H such that 



Due to the G-invariance of ft and jj^, the map ipi{g)~^ o Xij o x Rg) also satisfies the previous 
equation for every g G G , therefore it follows from the uniqueness argument that Xij is <Pi-isometablic. 
these considerations consist the proof of the following result. 

Theorem 6.4 Let {F,T,Q.,p) he a pair crossed module of PBG-groupoids over a principal bundle 
P{M,G) and tp = {(pi : G Aut(T{H))}i^j a family of representations of G on the image by 
T of the fiber type H of the PBG-Lie group bundle F . Then there exists a canonical family of 
representations (p — {(pi : G Aut{H)}i^i such that 

(i) . T o(pi ~ Pi for all i G I ; 

(ii) . For every ip -isometablic system of transition data (x, a) of Q, , there exists a canonical pair (x, S) 

with values in H , such that a is an isometablic cocycle of transition functions for the PBG-Lie 
group bundle F , and x is a p -isometablic family of differential maps {xij ■ Pij x Pij H}ij^i 
such that r(x, a) ~ (x, ex) . 

If this lift of the transition data of is a ^-isometablic system of transition data itself, then it gives 
rise to a PBG-groupoid, with adjoint bundle F , and this would play the role of an operator extension 
for the given pair crossed module. We saw that this lift is indeed ^-isometablic. As we remarked in 
15.41 the only the only thing that is required is for the pair (x, a) to satisfy the cocycle condition. This 
can be reformulated to 

1pi,v{Xi]{'U',v)) = 1pi^v{Xik{u,v)) ■ 1pk.v{Xkj{u,v)). 

Thus the failure of the pair (x, a) to satisfy the cocycle condition is the map e^-fc : Pijk x Pijk 
kerr < ZF , defined by 

eijk{u,v) = ip,^^(xij{u,v)) ■ [■ipk.v{Xkj(u,v))]^^ ■ ijji^y{xik{u,v)). 
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The fact that it takes values in ker r follows from the fact that the original system of transition data 
(x, a) does satisfy the cocycle condition. A routine calculation shows that eijk{ug,vg) 
for all 5 e G, and for Pijki ^ 



^jkl ^ikl 



Sijk 



OeZF 



and so e is a 2-cocycle in Hq{P x P, ZF) , the G-isometablic Cech cohomology of P x P with respect 
to the atlas {Pi = Ui x Gjig/ of the principal bundle P{M, G) , and with coefficients in the sheaf of 
germs of local isometablic maps from P x P to ZF . 

It is trivial to see that if a second family of lifts Py x P^ H of the s is chosen then the 
resulting cocycle is cohomologous to e. More generally, if (x',Q;') is a second -isometablic system 
of transition data for fl, over the same atlas {Pi = UiX G}ig/ of the principal bundle P{M, G) , then 
it follows from the relations we gave in 15. 21 and 16.21 that e^^j, = Cijk ■ 

Theorem 6.5 Continuing the above notation, there exists an operator extension (T, /i) for the pair 
crossed module of PBG-groupoids (P, T,^l,p) jjf e = G H^{P x P, ZF) . 

Proof. Assume that e = and consider the PBG-groupoid T =^ P{M, G) constructed directly from 
the pair (XjS) as in 15.41 Recall that the representation p induces an atlas of PBG-Lie group bundle 
charts p{ai{u),h) for F P{M,G). Thus every element of P, say A G Pu , can be represented as 
p{ai{u), h) for any i € I with u ^ Pi. Define i : P — > T by mapping p{(Ti{u), h) e F^ to (i, (u, h,u)) . 
It is trivial to check that l is well defined, and an isomorphism of PBG-Lie group bundles over 
P(M, G) onto IT . Thus we have the extension of PBG-groupoids 



P 



(/3:a) 

-> T » P X P. 



Define ^ : T — > f2 by {i,{u,h,v)) i—>- ai(u)T{h)ai{v) . Again one checks that is well defined, a 
surjective submersion and a morphism of PBG-groupoids over P{M, G) . 

To see that the diagram 



T 



IniT 



commutes, recall that t{p{^, A)) = ^t(A)^ ^ for ^ G f2, A e Pq,^ . Taking ^ — (Ti{u) and \ = h ^ H 
FuQ , this gives 

T{p{(Ji{u),h)) = {no i){p{a^{u),h)), 

as required. 

It remains to verify that the action of on P induced by the diagram 

kerr == kcrr 



L ' (6, a) 
F ' > T ^' ' » P X P 



IrriT 



n i pxP 
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coincides with the given p. Take e T , say uj — (j, (u, h, v)) , and A G Fauj , say A = p{(Ti> (u), h') ; it 
is no loss of generaUty to assume that j = i' . Now ujl(X)llj^^ — {j, {u, hh'hr^.v)) , by the definition 
of L and the multiplication in T. On the other hand, ^(w) is equal to aj{u)T{h)(jj{v)~^ and so 

A) = p{aj{u)T{h), h') = p{aj{u), hh'h^^). 

So LL!i{\)LLj~^ = l{p{ij,{uj) , X)) , as required. This completes the proof that (T,/i) is an operator exten- 
sion of the pair crossed module of PBG-groupoids {F, r, ft, p) . The converse is a trivial verification. 



The element e G Hq{P x F, ZF) is the obstruction associated with the pair crossed module of PBG- 
groupoids (F, T, ri, p) . Fohowing the notation of [17^, we denote it by Obs(F, t, 17, p) . The following 
theorem is an immediate consequence of the previous considerations. 

Theorem 6.6 Let $7 =i M he a transitive Lie groupoid and 

K > ^> A — ^» An (8) 

be an extension of Lie algebroids over the manifold M . Choose a baspoint in M and let P{M, G,p) be 
the principal bundle corresponding to fl. If F P{M, G) is the PBG-Lie group bundle integrating the 
PBG-Lie algebra bundle K>p, then the integrability obstruction of the extension ^ is the obstruction 
e e Hq{P X P, ZF) associated with the pair crossed module of PBG-groupoids associated to 



7 Classification of operator extensions for coupling pair crossed 
modules of PBG-groupoids 

Suppose given a coupling pair crossed module of PBG-groupoids (F, t, fl, p) over the principal bundle 
P(M, G) . Recall that coupling means kerr — ZF whereas pair means that the cokernel — PxP . 
In this section we show that if its obstruction cocycle vanishes then its operator extensions are classified 
by Hq {P, ZH) , where H is the fiber type of the Lie group bundle F . This cohomology, defined on 
P instead of P x P is the isometablic cohomology given in , and we start with a brief recollection 
of it. 

Consider a PBG-groupoid S =^ P{M, G) . Choose an atlas {Pi = Ui x G}ig/ for the principal 
bundle P{M,G), where {f7i}ie/ is a simple open cover of M , and a family of local flat isometablic 
connections TPi — ^ A'E.p. . As we discussed in the beginning of section 6, this data gives rise to 
sections ai : Pi ^ Su,, of the PBG-groupoid, which are isometablic in the sense 

(Jt{ug) [cr.i{u)g] ■ {^~^g) ■ crj(wjg). 

An alternative classification of PBG-groupoids, given in j2|, is by the transition functions {sij : Py 
E'^°}ij^i of these sections. The isometablicity of these functions is expressed by 

s,j{ug) = ip,j{g){sijiu)). 

Here, the ipij s are the actions of G on defined by 

f^ji9)ih) = cr,(u,.g)~^ • {£_^g) ■ {kg) ■ (^s)"^ • (^j{ujg)- 

Note that the i^ij s are just actions, not representations of G on 2^° . That is because for every 
g G G, the map (pij{g) ■ S^jJ does not preserve the multiplication on 2^^. Instead, it is a 

straightforward calculation that for Pijk 7^ they satisfy 

<f,j{g){hih2) = ifik{g){hi)ipj,j{g){h2). 
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This property was called a cocycle morphism in [5], and it was shown that such data (that is to say 
cocycle morphisms ip = {(pij : G x H ^ H}ij^i , together with a (iS-isometabHc cocycle {sij : Pij 
H}ij^j , where H is a Lie group) classifies PBG-groupoids. 

Now the definition of isometablic Cech cohomology with respect to the family of actions ipij was given 
in O §VII], and it was shown that Hq{P, H) classifies those PBG-groupoids over the principal bundle 
P(M, G) such that the fiber of the adjoint bundle is the Lie group H . 

Let us make a fresh start now, considering a coupling pair crossed modules of PBG-groupoids (F, t, fi, p) 
over the principal bundle P{M,G). Let H denote the fiber type of the PBG-Lie group bundle F, 
and suppose that Obs(F, t, fi, p) = 0. Let Opext(F, r, fi, p) denote the set of equivalence classes of 
operator extensions. We define an action of Hq{P x P,ZH) on Opext(F, t, fi, p) in the following 
way: 

t (/3,a) 

Consider an operator PBG-groupoid {F > > T 3> P x P^ji) for {F,T,il,, p) , and an element 

f e Hq{P X P, ZH) . Note that / : x P,j —> ZH is isometablic in the sense 

h ("3. vg) = ig) if^3 (u, v)) 

for all g € G. Therefore, if s'ij are the transition functions of the PBG-groupoid T, arising from an 
isometablic section-atlas di : Pi ^ Tk„ , the maps 'sijfij : Pij H satisfy the cocycle equation and 

[siofij][ug) = ipij{g){sijfij{u)). Moreover, r o (sijfij) = t o% . 

Proposition 7.1 The PBG-groupoid =^ P{M,G) constructed from the 'sijfijs, is an operator 
PBG-groupoid for {F > ^> T » P x P, p) . 

Proof. Same as ^ 3.4]. . 

The proof that this action is well defined is exactly the same as in |T7| §3], taking into account the 
isometablicity considerations of section 6 in the present paper. Moreover, applying these considerations 
to the proof of ^| 3.5], we get the following classification of operator extensions for a coupling pair 
crossed module of PBG-groupoids: 

Theorem 7.2 The above action of Hq{P x P,ZH) on the set of operator extensions of a coupling 
pair crossed module of PBG-groupoids {F,T,il,p) is free and transitive. 
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